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INDEFINITE INTEGRATION

If f & F are function of x such that F' (x) = f(x) then the function F is called a PRIMITIVE OR ANTIDERIVATIVE
OR INTEGRAL of f(x) wrt. x and is written symbolically as

Ii{x]dx =F(x)+¢c < EdLIF(x}+c]= f(x) . where c is called the constant of integration.
X

GEOMETRICAL INTERPRETATION OF INDEFINITE INTEGRAL :

If(x)dx = F(x) +c = v(sav), represents a family of curves. The different values of ¢ will correspond to different

members of this family and these members can be obtained by shifting any one of the curves parallel to itself.

This is the geometrical interpretation of indefinite integral.

Let f{x) = 2x. Then [f(x)dx = x* +¢. For different values

of ¢, we get different integrals. But these integrals are
very similar geometrically.

Thus, v = x*+ ¢, where ¢ is arbitrary constant, represents
a family of integrals. By assigning different values to c,
we get different members of the family, These together
constitute the indefinite integral. In this case, each integral
represents a parabola with its axis along y-axis.

If the line x = a intersects the parabolas y = x*, v = x* +1,
y=x*+2,y=x*-1ly=x*-2atP,P,P,P P, e,

dv
respectively, then a at these points equals 2a. This
indicates that the tangents to the curves at these points
are parallel. Thus, IZxdx =xZ+c=f(x)+c (say),

implies that the tangents to all the curves
f(x) + ¢, ¢ € R, at the points of intersection of the
curves by the line x = a, (a € R) , are parallel.

STANDARD RESULTS :

(ax + b)"*!

‘i’ I(ax+b}“dx =m+fi n#-1 “i)
ax+b - 1 ax+b

(iii) Ie dx = ;e +c (iv)

(v) Isin(ax +b)dx = - i-cos[ax +b)+e (vi)

(vii) Itan{ax +b)dx = ll’n| sec(ax + b)| +c
a
2 1
(ix) Isec (ax + b)dx = —tanlax +b) + ¢ (x)
a
(xi) Icosec{ax + b).cot(ax + b)dx = -lcosec[ax +b)+c
a

1
(xii) Isec{ax + b)tan(ax + b)dx = ;sec[ax+b] +c

> <

y=x+3
 u=x2

v=x"+1

y=x'

NN
o e

Ly -1

G

i

[ y=x2

: Y jy=x3

.<

I - —lfn[ax+b|+c

ax+b a

pr+q

[amady - L2

+c, la>0)
p fna

Icos{ax +b)dx = El—sinlr:'nnc +b)+c
a

(viii) Jcm{ax +bldx = lf n| sinfax + b)| +c
a

jcos ec’(ax + bjdx =- l1:01(3){ +b)+c
a

1
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(xiii) Isecxdx=fn|secx+tanx|+c={ntan[4£+%)+c
X
(xiv) Iccsecxdx= fnkosecx—catx|+c= [n tan; +c= —In|cosecx +cotx| + ¢
dx 4% d ¢
—_ X 1, X%
(xv) I I it Vi . —=—tan  —+¢
at =x* a (xvi) ‘I.a12~i-:'c2 a a

dx 1 ax dx : :
(xvll] J-x ﬁxz _az =;5€C ;-!—C (x""n Jﬁ= fn[x +"x2 +a2] -
[x+'\‘x2“a2] +c (xx) j—-——-——zdx :.}._.(n

a’-x%? 2a

a+x

dx -
wn [ —g=te

dx 1
=
{xxl] J.x.._az 2a o

a—x

X—a

2
e (xxii) j\’az—xzdx=£\}az——x2 + 2 sin ' 2 4c
X+a 2 2 -
2
(xxiii) _[sz +a’dx = %sz +a’ +a?(n(x +\/x2 +a21+c
2
(xxiv) _|-\!’(2 —a’dx = %sz -a2 -%fn(x+\lx2 -az)+c

ax ea- ) i b\
- —(asinbx = bcosbx)+c = —F=—==5In bx —tan —J+C
a“+b a4h" a

(xxv) _[ e sinbxdx =

ax an

ax e __ ¢ ( et B
(xxui)‘l.e .cosbxdx=m{acosbx+bsinbx}+c -rmcoskbx tan a)-i-c

3. TECHNIQUES OF INTEGRATION
(a) Substitution or change of independent variable :
If ¢(x) is a continuous differentiable function, then to evaluate integrals of the form If{#(xi]t'{x)dx ., we
substitute ¢(x) = t and ¢'(x)dx = dt.
Hence 1= [f(§(x)$x)dx reduces to [f(t)dt .
(i)  Fundamental deductions of method ol substitution :
J' f(x)

[[fa] foaax  OR [ o

dx put f(x) =t & proceed.

3
Hlustration 1 : Evaluate J-__Ecos_x' dx

sin® X +s5inx

— 5 - < 1_ N
Solution | = [LoSin X)cosx . =J'ﬂ dx

cosx
sinx(1 +sinx) sin X

Put sinx =t = cosx dx = dt

1
= 1=J.Ttdt=(n|l|*f+t =(n|sinx|—sinx +¢ Ans.
(x% —1)dx
[lllustration 2 : Evaluate I —
(x* +3x%+1)tan™ (x v -)
x
2
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Solution : The given integral can be written as

{l—xiz] dx

(ER=a

1] 1)
Let (x )=t Differentiating we get |1 ~3Z) dx = dt

dt
Hence | = | ———
I(t‘ +1)tan™* t

du
Now make one more substitution tan™'t = u. Then 7 1 =duand! = J-T: {n|ul+c
Returning to t, and then to x, we have
Y -1 1
l=(n|tan" t|+c ={(nftan™ | x+—||+cC Ans.
X
Do yourself -1 :
2
(f)  Evaluate : Ix_gd" (1) Evaluate - Icns’xdx
9+16x

(i1) Standard substitutions :

IL or I a? +x%dx :put x=atand or x = a cotQ
a’ +x? P

dx - =
Iﬁ or j\-‘az—x‘dx :put x=asinf or x =a cos@
a“—x

dx
J‘ﬁ ar I\}xz —a’dx ; put x = a sect) or x = a cosec()

a-x
I dx ; put x =a cos20
a+x

b S ¥ 3 7 .
J{pox @ or [—aB=x :put x= a cos? 0+ p s’

J- o dx or j (x-a)x—P) ;:putx=a sec’@ - B tan’
x_n Up -

dx Y
.[ (x - a)(x - P) iput x-o=t* or x - B = 4%

“0

]

lllustration 3 : Evaluate I

dx
Jix —a)(b-x)

Solution : Put x = acos’® + bsin“d, the given integral becomes

3
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I'J 2(b —a)sinBcosBd

|-

{(a cos’0+bsin®0-a)(b—acos” 0 - bsin” G}

_IZ{b-a)sinGms(]d{-} - (b—a)

= o - =~ PR | x—a\
(b-alsinfcosO \b_ajjzdg—?-'UH:—ZSm (b j*e Ans.

1-vx

1
Hlustration 4 : Evaluate [ 3 (.;dx
+YX

Solution - Put x = cos’@ = dx = -2sinf cosb d

—cos0 0
— 1=”-1 epn 1 :-2sinecoselde=-jz tan — tan 0 d0
1+ cosh i:;c,lsj 1] 2

2 _
=_4J-sm [(lf’2]dﬂ=__2-'-l cosf

cosB

dO=-2/n|secO—-tanB| +20+c
cosb

14v1-x

X

=-2n +2cos_1\,>_(+c

Do yourself -2 :

x—3 dx
(1) Evaluate : fyf>— dx (if) Evaluate : Ix\l—xz_:

du
(b) Integration by part : IU-‘-’ dx = “I“ dx ‘I[aj“ dx} dx where u & v are differentiable functions and

are commonly designated as first & second function respectively.

Note : While using integration by parts, choose u & v such that

du
i) Jvdx & (i) I[d_\t _[V d“] dx are simple to integrate.

This is generally obtained by choosing first function as the function which comes first in the word ILATE,
where: I-Inverse function, L-Logarithmic function, A-Algebraic function, T-Trigonometric function &

E-Exponential function.

Hlustration 5 :  Evaluate : jcos\/;dx

Solution : Consider | =IcosJ;dx
L ax-d
Let Jr =t then 2dx x =dt
i.e. dx = 2+/xdt or dx = 2t dt
so I= Icost.tht

taking t as first function, then integrate it by part

= 1 =2[t_|-costdt—”%Iccstdt}dljl = 2[‘5“11-_(1-51“1(1!] = 2[tsint+cost]+¢

1= 2[&sin\/;+cos\f;}+c Ans.

Hlustration 6 : Evaluate : I dx

1+sinx
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_j. dx = ,[ x(1 —sinx)
Solution  : Lat 1= Lesinx 4 {T+sinx)1-sinx)
1- <(1-sinx 0
= Im dx = thlioln”dx =Ixsec‘xdx—jxsecxtanxdx
1-sin"x cos” X

Il

g dx 2 X
[xjsec“ xdx — j{g‘[sec“ xdx}dx:l = {xjsecx tan xdx —J-{:—xjsec X tan xdx }dx:l

[x tanx - j tan xdx]— [x secx - jsec xdx]

]

[xtanx — fn| secx|]-[xsecx — (n| secx + tanx|] + ¢

= xtanx —secx)+ (n gocx+iany +c= (1 —sinx) +(n|1+sinx| 4c Ans.
secx COsSX
Do yourself -3
(i)  Evaluate : Jxe'dx (i) Evaluate : _[8] sin(x* )dx
Two classic integrands :
(M Jerlfx)+ Fx)idx =e* f(x) +c
J1-x i
Illustration 7 : Evaluate je ( 2] dx
14 x
«f 1=x ¢ {1 2:~:+x] 2x ]dx: e’ ‘e
Solution : Ie [I+x"'] dx = Je T I \{“x )+l ) 1+x° Ans.
x4+ 2
Hlustration 8 : The value of je‘[ dx is equal to -
1+ =27
e’ (x+1) e*(1-x+x%) e (1—x)
(A) m’: (B) m}" (C) (‘i:‘;‘]‘;,‘; (D) none of these
x* +2 \ 1-2x* )
2 L I = * / / dx
Solution et Ie \[l+x}’” j ({lﬂt]l’ l1+:-i)"'J
= " 1 X X 1-2x
- Ie 2172 Zaz T sz T Zy572 | 9%
1+x7) 1T+x7)""" (Q+x")" (1+x7)""°
e xe" e {1 +x*+x)
g - - —+Cc= —
1+x*?  (1+x%)?*? s (1 +x2)¥2 e Ans. (D)
Do yourself -4 :
(1) Evaluate : Ie' [tan" X+2 -:xz ]dx (i) Evaluate : Ixe" (stn x® + cosx® )dx

(i) J'mx] +xf'(x)]dx = xf(x) + ¢

[Hllustration 9 : Evaluate I; +sinx
+cosX

X

Scanned with CamScanner



)
\

X - . X +5i : g . X .
Solution : 1 =Iﬂdx [ = sm}_\ X =j(xlsec“i+tan EJ dx = xtan—+ ¢ Ans.
1-cosx 2c0s2 X "2 2 2 2
Do yourself -5 :
(i) Evaluate : j(tan{e'}+xe" secz{e'})dx (i) Evaluate : I[fnx+1)dx
(c) Integration of rational function :
P(x)
(1) Rational function is defined as the ratio of twa polynomials in the form m where P(x) and Q(x)

are polynomials in x and Q(x) # 0. If the degree of P(x) is less than the degree of Q(x), then the

rational function is called proper, otherwise, it is called improper. The improper rational function

P(x)
can be reduced to the proper rational functions by long division process. Thus, if —Q{x] is improper,
then o _ T + S here Tho lynomial g 2 I fu
kL & ; p— 5 W S f fion.
en 0 (x Q(x) + Where Tix) is a polynomial in x and " 7y is proper rational function

It is always possible to write the integrand as a sum of simpler rational functions by a method called
partial fraction decomposition. After this, the integration can be carried out easily using the already

known methods,

S. No.| Form of the rational function Form of the partial fraction
i px” X +r A B C
’ (x—a)(x—b)(x—c) x-a x-b N X—cC
px’ +qgx+r A B C
2 (x—a)* (x-b) x-a (x-a)® = x-b
px’ +gx +r A Bx+C
3. (x—a)(x” +bx+c) x—a X +bx+c

where %+ bx + ¢ cannot be factorised further

f(x) A Bx+C Dx+E

(x —a)(x® +bx +c)* x—a+x2+bx+c4 (x% +bx +c)

where f(x) is a polvnomial of degree less than 5.

X

Hlustration 10 : Evaluate jmdx

X _ A & B
(x—2)x+5) x-2 x+5
or x=Alx+5]+Bx-2)
by comparing the coefficients, we get
A =2/7 and B = 5/7 so that

Solution

— > Jdw==
* (x —2)(x +5) 7

X 2 dx 5 dx 2
e i Y

:;."n[{x—2]|+$(n|(x+5}|+c Ans.
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X
lllustration 11 : Evaluate jmdx

x* . 3x“+4
Salutia. ; (x +2)(x" +1) (x +2)(x" +1)
, -
W44 16 55
Now: +2)® +1) Blx+2)  x* +1
1x+2
‘ st
So, "7,:x—2+ — + 5,, 2
(x +2)x%+1) 5(x +2) X" +1
x+2
16 . 5 "5
(—2
Now, I x )+5[x+2)+ x?+1 -
= %—23+§tan"x+%(nlx +2[—%fnl-\'l+”+c Ans.
Do yourself - 6 :
ol far——
(i) Evaluate : x+1)(x+3) (i) Evaluate : (x +1)(x +2)
dx dx 2
il : . | Vax© +bx +cdx
() Iax2+bx+cjmj

Express ax? + bx + c in the form of perfect square & then apply the standard results.

X+ X+
(iii) inqu_.[_?*qu
ax” +bx +¢ Vax® + bx + ¢
Express px + q = ( (differential coefficient of denominator ] + m.

dx
Hlustration 12 :Evaluate ,[z—
2%" +x-1
dx 1 dx 1 dx
Solution ]_j2x2+x—]_5'[ % I_EI —% 1 T 1
X*t——= X +—t——————
2 2 2 16 16 2
=lj dx "-I—I dx
2°(x+1/4)0°-9/16 2°(x+1/4)*-(3/4)
11 x+1/4-3/4| _ dx 1. |x-a
=—. og +c using, | 5——=-—lo +c
2'23/4) "|x+1/4+3/4] | x’-a’ 2a “|x+a
_llogﬂz_q.c_llo 2x -1 + e Ans
3 x+1 3 g2(x+l] ’
Hlustration 13 :Evaluate |—s——dx
ustration : Evaluate 4%’ +4x 15
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Solution : Express 3x + 2 =f(d.c. of 4x> + 4x + 5) + m
or, Ix +2=(8x+4) +m
Comparing the coefficients, we get
=3and 4 +m=2=(=3/8andm=2-4(=1/2
1- 8x+4 e lj dx

4x* +4x+5 4x* +4x +5
=%Iog‘4x“’ +4x +-5|+éj% =§Iog 4x* +4x+5‘ +étan" {x+%]+c Ans.
X +X +‘E

Do yourself -7 :
5x +4

dx e
rxel S R

(1) Evaluate : I

2

X +1 x“ -1
Integrals of the f —_— —dx

Ul . Inthgrels:of the boom Ix“+Kx3+1 I"+Kx +1

dx  where K Is any constant.
Divide N* & D' by xZ & proceed.
Note : Sometimes it is useful to write the integral as a sum of two related integrals, which can be evaluated by

making suitable substitutions e.g.

2x? x? +1 2 %2 +1 x2 -1
J.:-c"+1‘:b‘ '[x +ldx Jx +1 e J-x“+1dx‘-|-x"+1dx—'|-x"+ldx

These integrals can be called as Algebric Twins.

4

Hlustration 14 : Evaluate : Im 3 7—dx
sin X +cos X
1 sin® x + cos® x
Solution : I = 4j —3 godx = J- 3 i dx
sin” X +cos X sin’ X+ cos X

dx

2 2 2 29
(tan" x +1)cos xdx=4j(tan X +1)sec™ x

(tan® x +1)cos” x (tan® x +1)

Now, put tanx = t = sec’x dx = dt

1+t 1/t8+1
=1=4 di=4|— —dt
-[ Iti+1/t“

Now, putt - 1/t=z = [1+i2)dt= dz
t

q Zz Lt=1/t ftanx=1/tanx
1=4 =—tan —== JEtan’ =2«f2_tan [—]H: )
= I f‘ N 2 2 Ans
Hlustration 15 : Evaluate : I;dx
’ " dxT4+5x% 41
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Solution : I= —_[

x* 4+ 5x% +1 %
- 5 1+1/x% 1 1-1/x°
= [__J 1+x° _J-I—KJ j ‘{—Ejﬁdx
x* +5x° +1 27 x" +5x% +1 x*+5+1/x X" +5+1/x
(dividing N" and D' by x*)
f (1+1/x%) dx_lj[l—lfx;’]dx :1J dt _lI du
(x=1/xy+7 (x+1/%x)*+3 & lz-l-lﬁ)‘ E u"+(\[5]-
wheret =x - — and u= X+—
X X
__[ i t) 11 (; L
AN J7) 2B\
lr 1 tan_l[x—lf‘x]_ 1 tan_‘{.x-}—l/x\' $e
Fw SET B Ans.
Do yourself -8 :
x* +1 1
ot . dx
(i) Evaluate : ‘[x" 5T (ii) Evaluate : J-1+x'
(d) Manipulating Integrands :
(i) I ., neN, take x" common & put 1 + x" =1t
x(x" +1)
dx N n -n _
(ii) I—Ihl/ neN, take x" common & put 1 + x™" =t
X" (x“-rl)
dx =
(111) Ii take x" common and put 1 + x™" =",
xl|“+xn]|f||
dx
lllustration 16 :Evaluate : I.iu
x"(1+x")"
dx b
Solution : Let | =J‘-r—hl,_: I—‘l;—
x-t1+x||] rn n l{' 1] 1
1+-—
X
1 1 2
Put 1+—=1" then —dx=-t""dt
X X
4 n-1
l=—I o It"dt = [1+L]n +c Ans.
n-—l x"
Do yourself -9 :
dx

dx P
(i) Evaluate : Im (ii) Evaluate : IW (iif) Evaluate : Ixa{x3+1]“=

9
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